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Fig. 1. Selective filtering of a three-phase liquid mixture. The black liquid mixture flows through a vertical filter consisting of three layers of foam,
each absorbing one fluid phase (red, green or blue). The porous foams turn into different colours as the mixture is selectively filtered.
Porous materials are common in daily life. They include granular
material (e.g. sand) that behaves like liquid flow when mixed with
fluid and foam material (e.g. sponge) that deforms like solid when
interacting with liquid. The underlying physics is further complicated when multiple fluids interact with porous materials involving
coupling between rigid and fluid bodies, which may follow different physics models such as the Darcy’s law and the multiple-fluid
Navier-Stokes equations. We propose a unified particle framework
for the simulation of multiple-fluid flows and porous materials. A
novel virtual phase concept is introduced to avoid explicit particle
state tracking and runtime particle deletion/insertion. Our unified
model is flexible and stable to cope with multiple fluid interacting with porous materials, and it can ensure consistent mass and
momentum transport over the whole simulation space.
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1

INTRODUCTION

Unlike impermeable materials that can only interact with
fluid flows via their surfaces, porous materials present a much
stronger coupling when exposed to fluids, and the solid-fluid
interaction takes place both on their surfaces and inside their
bodies. Phenomena such as water spilling out of a squeezed
sponge, sea wave splashing on a sandy beach and cotton toy
deforming when wetted are some common examples of fluid
flow interacting with porous media. These flow phenomena
are far more complicated than the single-phase fluid flow in an
open space, and they could involve many physical processes
occurring simultaneously, such as liquid mass transport in
the porous solid, absorption and emission on the solid surface,
hydrophobic and hydrophilic behaviours, capillary effects and
multiphase flows.
Simulations of single-fluid flow involving porous materials
have been achieved using SPH (smoothed particle hydrodynamics) [Lenaerts et al. 2008] and MPM (material point
method) [Tampubolon et al. 2017], producing impressive visual results. Despite the success, both methods face challenges
associated with porous behaviours. Using SPH, [Lenaerts
et al. 2008] modelled the absorption and emission of liquid by
deleting/inserting fluid particles and tracking the fluid flow
inside the solid particles. Thus, the simulator must constantly
delete/insert non-uniform SPH particles, which needs to be
taken extra care of in calculation and implementation. A naive
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extension of this approach to multiple fluid simulation will
involve splitting the fluid particles, since different fluid phase
can potentially interact with the solid differently. This will be
an exhausting process producing many fragmented particles.
Alternatively, without splitting the fluid particle, one needs
to cope with different mass and momentum transports among
various phases and maintain consistency for fluid particles
crossing the solid boundary. The MPM approach [Tampubolon et al. 2017] uses two layers of grid to model sand and
liquid motions separately. For the sand-like porous material,
a similar set of Navier-Stokes equations applies both to the
pure liquid phase and the solid-liquid mixture so that the
focus is on the interaction between these two grid layers. However for other porous materials like sponge, the fluid motions
inside and outside the porous solid can differ greatly (the flow
in porous media obeys the Darcy’s law), and other physical
processes like capillary effects may also be involved. Thus, it
is not a trivial task to extend the capacity of the multi-grid
MPM approach for generic porous media interacting with
multiple fluids.
In this paper we present a universal SPH-based simulation
scheme for multiple-fluid flows in porous materials. A special emphasis is on sponge-like materials where the internal
flow follows Darcy’s law and external flow is governed by the
Navier-Stokes equations. In our approach, the internal and
external flows are modelled uniformly using the volume fraction and a mixture model, avoiding constant particle deletion
and insertion. The new approach is able to capture a wide
range of porous media flow phenomena, including poroelasticity, capillary effects and variable absorption in multiple-fluid
environment. Our main contributions are:
∙ A universal SPH framework for the simulation of multiplefluid flow and sponge-like porous materials.
∙ A novel concept of virtual phase to consistently capture
the fluid flow when crossing porous surface and avoid
runtime particle deletion/insertion.
∙ A flexible constitutive modelling strategy based on the
virtual phase concept, to support multiple fluid flow,
porous material deformation and the coupled physics
between fluid and porous solids.
The rest of paper is arranged as follows. Related works are
briefly recapped in S2, after which the fundamental theories
of our multiple-fluid SPH-based porous model is introduced
in S3. We explain our choice of constitutive models in S4, and
the designation of SPH discretization in S5. The simulation
framework and implementation issues are explained in S6. A
number of examples with different visual effects are presented
in S7 to demonstrate the performance of our model. Finally,
concluding remarks and limitations are discussed in S8.

2 RELATED WORK
2.1 Simulation of Porous Phenomena
Explorations of porous behaviours are studied in a wide range
of graphics works involving cloth, sand or mud, and volumetric
solid. Some early research works focus on the absorption and

diffusion of liquid into solid. [Rungjiratananon et al. 2008]
modelled the absorption of water into sand using a combined
SPH and DEM (discrete element method) framework, which
captures the cohesion change during sand wetting. [Huber
et al. 2011] used Fick’s law to model liquid diffusion inside
wet cloth. Surface flow, absorption and in-cloth diffusion
were combined to simulate thin-shell wetting in [Um et al.
2013], where changes of material properties due to wetting
are considered.
More complex porous behaviours are also studied in the
literature. In [Lenaerts et al. 2008], an SPH-based simulator
was proposed for simulating liquid flow in porous materials,
where the Darcy flux is introduced to model the absorbed
flow behaviour. Their method can be applied to a variety
of scenarios involving porous media flow, but requires frequent particle deletion and insertion at solid surface. Later
[Lenaerts and Dutre 2009] extended this model for wetted
flows of granular materials, and [Lin 2015] combined it with
two-way fluid-hair interactions. Fluid-hair interaction including liquid capture and dripping was also studied in [Fei et al.
2017] using a dimension-reduced model for thin liquid on hair
cluster. In [Patkar and Chaudhuri 2013], absorbed liquid is
stored on a triangle mesh for cloth or a tetrahedral mesh
for volumetric solid and a diffusion equation is solved on the
mesh structure. They also handled absorption and dripping
by a particle absorption and generating scheme with an integrated SPH simulator for liquid flow outside the solid region.
Recently, [Fei et al. 2018] used a set of saturated continuity
equations for porous flow inside fabric porous materials, which
supports anisotropic fabric microstructure and its nonlinear
drag and pore pressure forces. Similarly, an integrated bulk
liquid simulator is used in their work and a particle absorbing
and generating scheme is designed for liquid capturing and
dripping. In [Zheng et al. 2020] miscible and immiscible diffusion models are considered to simulate multi-solvent stains
on textile. [Ding et al. 2019] combined liquid diffusion and
gas stress in a thermomechanical porous model for baking
and cooking effect simulation.
As a special case of porous media flow, the granular flow
has been receiving increasing attention from the graphics
community in recent years. [Baek et al. 2015] classified mud
particles into different sizes and solved respective suspension
particle motion for muddy flows. [Yan et al. 2016; Yang et al.
2017] used the volume fraction to describe the concentration
of granular material in the liquid, and the porous behaviour
was treated similarly to solid dissolving. [Gao et al. 2018;
Tampubolon et al. 2017] used MPM to simulate granular
sand flows in water, and two background grids were used
for the fluid and sand phase separately, with the interaction
between phases handled through a momentum exchange term.
This approach can handle large scenarios effectively, but does
not cover wider physics, e.g. capillary phenomena. In addition,
the previous research works of granular materials usually use
Navier-Stokes equations for both the pure liquid phase and the
solid-liquid mixture, while the internal flow could be better
captured by using Darcy’s law in a general porous medium.
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Our approach does not require the physics laws to be the
same inside and outside the solid, and at the same time does
not need to frequently delete and generate particles at solid
surface.
Porous have been studied using different models and theories in relevant fields. Some approaches explicitly model the
detailed geometry of porous materials [Berrone et al. 2017;
Hilfer 2006; Wu et al. 2004], where a porous material is treated as a network of connected pore spaces and the fluid flow in
the pore-space network is tracked by carefully calculating the
interactions between pore surface and fluid. In [Jin et al. 2017]
porous permeability was modelled by the fractal properties
of the porous media. We refer to [Fei et al. 2018] for a more
comprehensive summary on modelling approaches of porous
media.

2.2

SPH method.

We have integrated our models with the SPH method [Becker
and Teschner 2007a; Monaghan 1994; Müller et al. 2003] to
establish a unified particle system for multiple-fluid flow and
porous material. Thus, in order to place the present work in
the right research context, the most relevant research works
on SPH are also briefly recapped here. [Aly and Raizah 2018;
Ihmsen et al. 2014a] developed pressure projection schemes are
developed for SPH fluid simulation, and [Bender and Koschier 2016; Macklin and Müller 2013; Solenthaler and Pajarola
2009] ensured the incompressibility by prediction-correction
schemes. Solid-fluid boundary coupling is also comprehensively studied in the SPH literature. By sampling the solid
surface with particles, [Akinci et al. 2012] proposed a versatile
rigid-fluid coupling method. In [Band et al. 2018a], by integrating with the implicit incompressible SPH (IISPH), better
boundary particle pressure calculation that ensures physically
meaningful pressure gradient was achieved. Recently, [Band
et al. 2018b] adopted a moving least square technique to
further reduce false velocity artifacts at the boundary. On the
other hand, stability issues were also studied using density
maps [Bender et al. 2020; Koschier and Bender 2017] or an
interleaved velocity update iterative solver [Gissler et al. 2019].
The above incompressibility and solid-liquid coupling studies
are all for single-fluid flow and the discussion on miscible
multiple fluids is sparse. For other SPH research topics, we
refer to [Ihmsen et al. 2014b] and [Koschier et al. 2019], which
provide thorough surveys of the graphics SPH literature.

2.3

Multiple fluid simulation.

The multiple fluid simulation has been studied by the graphics
community for over a decade. Several grid-based simulators
were developed for interfacial flow [Hong and Kim 2005; Kim
2010; Losasso et al. 2006], where the interfaces between different phases are exactly tracked. Volume fraction based
grid solvers were proposed in [Bao et al. 2010; Kang et al.
2010], where miscible phases are simulated. [Nielsen and Osterby 2013] solved the full two-fluid Navier-stokes equations
implicitly providing vivid visual appearance of water sprays.

∙
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The volume fraction concept has been widely adopted in recent particle-based frameworks. SPH-based mixture-model
multiple-fluid simulator was proposed by [Ren et al. 2014;
Yan et al. 2016] where a phase-wise drift velocity is essential for various mixing/unmixing effects in multiple-fluid flow
including solid. By combining Navier-Stokes equation with
a phase-field model, [Yang et al. 2017, 2015] proposed an
energy-based multiple fluid solver that also captures distillation effects. The material point method (MPM) has shown
its effectiveness in multiple fluid simulations as well. [Yan
et al. 2018] proposed a MPM-based multiple fluid solver to
model interactions between multiple fluid and solid phases.
[Gao et al. 2018; Tampubolon et al. 2017] targeted granular
flows using a two-layer grid for solid and liquid phases. In
all these studies, the solid phase is either impermeable or
follows the same fluid governing equations after dissolving. To
simulate sponge-like materials, our work allows flows inside
and outside the solid to follow different physics laws.
Fluid mixture simulations are also studied in many other
works such as in surface flows [Ren et al. 2018b] and viscosity
blending model for shear thinning fluids [Nagasawa et al.
2019]. We refer to [Ren et al. 2018a] for a more comprehensive
summary of graphics multiple-fluid studies.

3

UNIVERSAL SPH MODEL FOR MULTIPHASE FLOW
AND POROUS MATERIAL
3.1 Problem Formulation
A simulation space involving porous materials and fluid flows
can be naturally divided into two parts, i.e. the “inner” and
“outer” regions of the porous material, and the fluid flow travels in or between these two regions. In our universal SPH model,
we consider a general case where there are three coupled physical mechanisms, i.e. porous solid motion, inner fluid transport,
and outer fluid motion, and they may follow different physical
laws. Therefore, we consider three sets of governing equations
that describes each of the three parts in the coupled physics
of multiple-fluid flow and porous materials.
First, for fluid flow inside the porous material, we use Darcy’s law [Darcy 1856] to simulate the flow motion. Specifically,
the instantaneous flow rate, i.e. Darcy flux, in a homogeneous
permeable material is determined by
k𝑤𝑘
q𝑘 = −
· ∇𝑝𝑝𝑜𝑟𝑒
,
(1)
𝑠
𝜇𝑘
where the subscript 𝑘 denotes the 𝑘-th fluid phase, q𝑘 Darcy
flux of the phase 𝑘, k𝑤𝑘 the permeability tensor, 𝜇𝑘 the fluid
viscosity, and the pore pressure 𝑝𝑝𝑜𝑟𝑒 represents the pressure
of fluid in the pore space. Based on experiments and the
homogenization of Navier-Stokes equations, the Darcy’s law
describes porous flow in porous solids. The pore pressure in
Darcy’s law is determined by the states of solid and locally
absorbed fluid, and represented by Eq. (1) it drives the absorbed fluid from the region with pore pressure to the region
with low pore pressure.
Next, for fluid flow outside the porous material, we adopt
the multiple-fluid mixture model [Ren et al. 2014; Yan et al.
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2016]:
𝐷𝛼
˜𝑘
= −𝛼
˜ 𝑘 ∇ · u𝑚 − ∇ · (𝛼
˜ 𝑘 ũ𝑚𝑘 )
𝐷𝑡

(2)

𝜕
u𝑚 + (u𝑚 · ∇)u𝑚 = g + a𝑝𝑟𝑒𝑠𝑠 + a𝑜𝑡ℎ𝑒𝑟 ,
(3)
𝜕𝑡
where 𝛼
˜ 𝑘 is the volume fraction of phase 𝑘, u𝑚 and ũ𝑚𝑘 are
the mixture velocity and drift velocity of the phase 𝑘, and
g, a𝑝𝑟𝑒𝑠𝑠 and a𝑜𝑡ℎ𝑒𝑟 denote the gravity, pressure, and other
influencing factors (viscosity, etc.), respectively. We use the
tilde notation in the above equations to distinguish them
from the “virtual-phase” quantities we are going to introduce.
The mixture model expresses the continuity and momentum
equations through aggregate values averaged over the local
volume, which for SPH is the particle. It can capture the
phase-wise velocity difference, but only needs to solve for the
particle velocity by analytically computing the drift velocities.
In the mixture model solver, standard particle advance scheme
can be used and the phase volume fraction changes within a
particle is automatically handled by the continuity equation.
Finally, for the porous solid, we adopt the elastic solid
model [Peer et al. 2018] which is a corotated material model.
The strain tensor 𝜖 is expressed as:
1
(F + F𝑇 ) − I,
(4)
2
where F is the deformation gradient tensor and I is the identity
matrix. To take into account the effect of pore pressure on
the deformation of solid and inspired by [Lenaerts et al. 2008],
we add a term −𝜂𝑝𝑝𝑜𝑟𝑒 I to their stress tensor and express the
stress tensor P as follows:
𝜖=

P = 2𝜈𝜖 + 𝜆tr(𝜖)I − 𝜂𝑝𝑝𝑜𝑟𝑒
I,
𝑠

(5)

where 𝜈, 𝜆 are Lamé parameters and 𝜂 is a solid constant.
The last term was introduced in [Lenaerts et al. 2008] and
represents the effect of pore pressure, i.e. absorbing fluid will
let the solid expand.
In our study, the above governing equations are discretized
using two kinds of particles, i.e. solid particles representing
the porous solid and fluid particles representing fluid flow. A
discretization problem emerges from the inner/outer fluid coupling, i.e. transition between outer and inner fluids. Previous
approaches [Fei et al. 2018; Lenaerts et al. 2008; Patkar and
Chaudhuri 2013] typically use different solvers for inner and
outer regions, with the SPH particles representing the fluid
placed only in the outer region. As a result, SPH particles are
deleted or inserted when fluid passes through the surface of
porous material. This method becomes exhausting for multiple fluid simulation when different fluid phases interact with
the porous solid in different ways, producing many particles
with non-uniform sizes near the porous solid interface. On the
contrary, we design our approach to let fluid particles remain
in the simulation when they cross the surface of porous material (whether through absorbing or emitting). No particle gets
deleted or inserted at interface crossing. This is achieved by
a novel extension of the volume fraction representation and
the mixture model [Ren et al. 2014], which in turn leads to a

universal simulation framework. More details are explained
in S3.2.

3.2

Virtual Phase for Fluid Particles

The above governing equations can be solved individually
with existing methods, but they become strongly coupled
near the surface of porous material, greatly increasing the
solution complexity. We propose the concept of virtual phase
to handle the state change of fluid particles crossing the
interface and the associated mass and momentum transport
in a uniform manner, thereby avoiding explicit state tracking
and runtime particle deletion/insertion.
Specifically, we assign each fluid particle with two virtual
phases 𝛼𝑘 and 𝛽𝑘 , which represent the volume fractions of
the phase 𝑘 in the outer ∑︀
and inner regions, respectively,
and
∑︀
they satisfy the relation 𝑘 (𝛼𝑘 + 𝛽𝑘 ) = 1. Thus, 𝑘 𝛼𝑘 = 1
indicates ∑︀
that the fluid particle locates outside the porous
material, 𝑘 𝛽𝑘 = 1 indicates that the particle locates inside
the porous material, and non-zero 𝛼 and 𝛽 values indicate
that the fluid particle is near the surface of porous material.
Consider an example where a fluid particle at a two-phase
state is moving from the outer region into the inner region,
but only one fluid phase can be absorbed into the porous
material while the other cannot. The mass transport, momentum and position change of this fluid particle are affected
by all material phases, each in turn may have separate inner
and outer fractions following different laws in the inner and
outer regions. The virtual phase concept distinguishes these
fractions and virtual phases can follow separate governing
equations. The virtual phases have a property that 𝛼𝑘 and 𝛽𝑘
can be transferred, by absorption or other mechanisms, near
the surface of porous material without violating the mass
conservation law, but volume fractions between real phases
cannot be simply transferred.
Aided by the virtual fraction concept, the inner and outer
fluid particle dynamics can be solved in a universal manner
using an extended mixture model. The complex inner-outer
state transition under different phase behaviour in relation
to the porous solid is then handled by solving continuity
equations in the multiple-fluid model. The universal equations
for all fluid particles are:
𝐷𝛼𝑘
= −𝛼𝑘 ∇ · u𝑚 − ∇ · (𝛼𝑘 u𝑚𝑘,𝛼 ) + ∇ · Dk
𝐷𝑡

(6)

𝐷𝛽𝑘
= −𝛽𝑘 ∇ · u𝑚 − ∇ · (𝛽𝑘 u𝑚𝑘,𝛽 ) − ∇ · Dk
𝐷𝑡

(7)

𝜕
u𝑚 + (u𝑚 · ∇)u𝑚 = g + a𝑝𝑟𝑒𝑠𝑠 + a𝑝𝑜𝑟𝑒 + a𝑐𝑎𝑝 + a𝑜𝑡ℎ𝑒𝑟 , (8)
𝜕𝑡
where 𝛼𝑘 and 𝛽𝑘 are the outer and inner volume fractions of
phase 𝑘, u𝑚 and u𝑚𝑘,𝛼 , u𝑚𝑘,𝛽 are the fluid-particle velocity
and drift velocity of the outer and inner fluids, D𝑘 is the
absorption flux and ∇ · D𝑘 is an absorption source term, and
g, a𝑝𝑟𝑒𝑠𝑠 , a𝑝𝑜𝑟𝑒 , a𝑐𝑎𝑝 , a𝑜𝑡ℎ𝑒𝑟 denote the accelerations from
gravity, pressure, pore pressure, capillary forces and other
factors (e.g. viscosity), respectively.
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This extended mixture model can simulate the fluid particles in a universal manner and handle the coupling between
the governing equations described in S3.1. Eq. (6) and Eq. (7)
are the continuity equations, where the outer and inner fluids
are separately calculated since the different mass transportation laws they follow lead to different u𝑚𝑘 whose calculations
will be described in detail later. A pure inner fluid particle
will only be affected by a𝑝𝑜𝑟𝑒 , which links the Darcy’s law
with the elastic solid model. A pure outer fluid particle will
have zero a𝑝𝑜𝑟𝑒 term, but then the solid particles can provide
boundary pressures in a𝑝𝑟𝑒𝑠𝑠 for solving outer-region fluid
motion. For a hybrid particle near the solid surface, those
terms can all be non-zero. A demonstration on the coupling
relations of the governing equations is shown in Fig. 2, and
more details will be given in the later sections.

∙
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where 𝑝0 is the rest pore pressure, tr(𝜖) the volumetric strain,
𝐵 a Biot’s ratio constant determined by the Biot’s modulus
and the Biot’s coefficient of the solid, and 𝜑𝑠𝑘 the phase
𝑘’s absorbed volume rate (see S 5 for details). The above
pore pressure is computed on the solid particles and can be
directly used for solid motion computations. We then compute
its gradient on fluid particles for the Darcy flux in Eq. (1) by
collecting nearby solid particle information.
The pore pressure affects the behaviour of solid as described
in Eq. (5), and it is also a driving force for the fluid flow inside
solid. A pore pressure is exerted to the internal fluid and if
no other forces are present, its contribution ends at the next
simulation step, making the relative fluid-solid velocity u𝑟𝑘
agree with the Darcy flux in Eq. (1) through u𝑟𝑘 = q𝑘 /𝑒,
where 𝑒 is called porosity describing the fraction of void
volume over the total volume. We thus add a term a𝑝𝑜𝑟𝑒 in
Eq. (8) to model this force source in the simulation of inner
and outer fluid. Specifically, we use
∑︁ 𝛽𝑘
(𝜌𝑘 u𝛽𝑘 − 𝜌𝛽𝑚 u𝑚 ),
(10)
a𝑝𝑜𝑟𝑒 =
𝜌𝑓 𝑚 ∆𝑡
𝑘

∑︀𝛽𝑘 𝜌𝑘
where 𝜌𝛽𝑚 =
is the inner rest density, u𝛽𝑘 =
𝑘
𝑘′ 𝛽𝑘′
u𝑟𝑘 + u𝑠 is the world-coordinate phase
∑︀ velocity of phase
𝑘, u𝑠 is the solid velocity, 𝜌𝑓 𝑚 =
𝑘 (𝛼𝑘 + 𝛽𝑘 )𝜌𝑘 is the
aggregate density of fluid particle. The derivation is provided
in Appendix B.

∑︀

4.2

Fig. 2. The coupling between multiple fluids and porous solid. The
governing equations for solid, inner fluid and outer fluid are represented
by the red, green and blue disks, respectively, and the arrows between
them indicate the physical interactions involved in the coupling.

4

CONSTITUTIVE MODELS

In our framework, the solid and fluids are described by Eqs.(4,5) and Eqs.(6,7,8), respectively, where a range of constitutive models are required. They include the pore pressure,
drift velocities, and absorption and capillary effects, which
are explained in detail in S 4.1, S 4.2 and S 4.3, respectively.

Drift Velocities

The drift velocity represents the relative velocity between the
local phase and the aggregate mixture particle, and it plays
a key role in capturing the multiple fluid behaviours in the
mixture model [Ren et al. 2014; Yan et al. 2016]. By taking
into account the drift velocity in the continuity equation, the
mixture model can automatically handle the volume fraction
changes of each phase within a particle during bulk flow
motion. This feature is beneficial to our problem in that the
virtual phase volume fractions can be similarly solved by
Eqs.(6,7) without explicitly distinguishing inner or outer fluid
particles in solving the bulk fluid motion.
We extend the drift velocity from [Ren et al. 2014; Yan
et al. 2016] to cope with the porous fluid simulation. For an
outer fluid virtual phase 𝛼𝑘 , its drift velocity is:
u𝑚𝑘,𝛼 =𝜏 (𝜌𝑘 −

Pore pressure

𝑐𝛼𝑘′ 𝜌𝑘′ )a − 𝜏 (∇𝑝𝑘 −

𝑘′

𝜎(

4.1

∑︁

𝑘

𝑐𝛼𝑘′ ∇𝑝𝑘′ )−

𝑘′

∑︁
∑︁
∇𝛼𝑘
∇𝛼𝑘′
𝑝𝑜𝑟𝑒
𝑝𝑜𝑟𝑒
−
𝑐𝛼𝑘′
) − 𝜙(∇𝑝𝑘
−
𝑐𝛼𝑘′ ∇𝑝𝑘′ ),
𝛼𝑘
𝛼
′
𝑘
′
′
𝑘

The key factors for the solid and fluid momentum balance
in the inner region are the pore pressure and the Darcy flux.
Pore pressure raises when there are more absorbed fluid or the
solid get squeezed, while the Darcy flux is proportional to its
gradient using Eq. (1). Based on the theory of poroelasticity
[Detournay and Cheng 1993], the pore pressure in the solid is
obtained by
∑︁
𝑝𝑝𝑜𝑟𝑒
= 𝑝0
𝜑𝑠𝑘 − 𝐵tr(𝜖),
(9)
𝑠

∑︁

𝑘

(11)

where 𝑐𝛼𝑘 = ∑︀ ′𝛼𝛼𝑘 𝜌′𝑘𝜌𝛼𝑚 denotes the outer mass fraction,
𝑘
𝑘
∑︀
𝜌𝛼𝑚 = 𝑘 ∑︀𝛼𝑘′ 𝜌𝛼𝑘 ′ denotes the outer mixture density, a =
𝑘

𝑘

𝑚
𝑔 − (u𝑚 · ∇)u𝑚 − 𝜕u
, and 𝜏 , 𝜎 and 𝜙 are constant weight
𝜕𝑡
factors, ∇𝑝𝑝𝑜𝑟𝑒
is
the
gradient of pore pressure of the liquid𝑘
s, which can be phase-specific since different phases usually
are absorbed differently. Eq. (11) differs from the original
drift velocity only by the last term, which models the sucking or propelling effects due to absorption or emission near
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Fig. 3. Particle behavior on solid-liquid boundaries. (a) A two-phase liquid reaches the surface of a porous solid, the yellow phase is absorbable
and the green phase is non-absorbable. (b)(c)(d) The absorption flux first transfers the yellow phase to its virtual orange phase, which in turn is
subject to the Darcy flux trying to drag the particle inside. Different drift velocities are produced among the virtual phases within a liquid particle.
(e) The absorbed particles will be left with more absorbed phase as it goes deeper, and the non-absorbed-phase volume fractions are transferred to
the outer-region particles.

the porous solid surface. The calculation of ∇𝑝𝑝𝑜𝑟𝑒
will be
𝑘
explained in more details in S4.3 and S5.
The inner fluid virtual phase 𝛽𝑘 obeys the Darcy’s law
within the porous solid, and it does not have the same hydrodynamic pressure as in the outer region. As the pore pressure
in the inner region plays the same role as the hydrodynamic
pressure of fluids in the outer region, we replace the second term of the original drift velocity equation to form our
inner-fluid drift velocity model:
∑︁
∑︁
u𝑚𝑘,𝛽 =𝜏 (𝜌𝑘 −
𝑐𝛽𝑘′ 𝜌𝑘′ )a − 𝜏 ′ (q𝑘 −
𝑐𝛽𝑘′ q𝑘′ )−
𝑘′

𝜎′ (

𝑘′

∇𝛽𝑘 ∑︁
∇𝛽𝑘′
−
),
𝑐𝛽𝑘′
𝛽𝑘
𝛽𝑘 ′
′

(12)

𝑘

where 𝑐𝛽𝑘 denote the inner mass fraction (corresponding
to 𝑐𝛼𝑘 defined in Eq. (11)), and 𝜏 ′ , 𝜎 ′ are constant weight
factors (the apostrophe indicates that they may differ from
those in Eq. (11) due to different environment settings of
inner and outer regions). Note that it does not matter in
Eq. (12) whether q𝑘 is computed from Eq. (1) (i.e. in the
local solid coordinate) or in the world coordinate.
As long
∑︀
as the solid porosity is homogeneous, since 𝑘 𝑐𝛽𝑘 = 1, we
can obtain the same result using q𝑘 calculated under either
coordinate.

4.3

Absorption and Capillary Effects

Fluid absorption and emission can occur between fluid and
porous solid. To capture these effects, we assume that the
outer fluid also has a phase-wise constant pore pressure 𝑝0𝑘
that corresponds to different absorption tendencies. When the

outer pore pressure is greater than the inner pore pressure,
the fluid will get absorbed and a liquid particle may flow
into the solid, and vice versa. On the other hand, inside the
porous solid, we take a simplification and assume the pore
pressure is unified across phases and related to the absorbed
fluid volume and volumetric strain by Eq. (9).
Similar to the Darcy flux calculation in Eq. (1), we compute
the gradient of pore pressure to obtain the absorption flux:
D𝑘 = −𝐾

kwk
,
(𝛼𝑘 + 𝜑𝑠𝑘 )∇𝑝𝑝𝑜𝑟𝑒
𝑘
𝜇𝑘

(13)

where 𝐾 is a constant absorption ratio coefficient related to
the solid. The dimensionless term (𝛼𝑘 + 𝜑𝑠𝑘 ) is multiplied to
avoid creating fake flux. Then, Eq. (7) and Eq. (6) are used
to determine the exchange of internal and external fluids.
When a part of fluid mass is absorbed by the solid, the
fluid particle will be subject to capillary force near the solid
surface, preventing liquid escaping from the porous solid. We
use a similar model as [Becker and Teschner 2007b] to capture
the acceleration due to capillary force:
a𝑐𝑎𝑝 = 𝜓

∑︁

𝛽𝑘 n,

(14)

𝑘

where 𝜓 is a constant strength factor, n is a normal vector in
the direction from a fluid particle to porous solid interior. Near
the porous surface, the capillary force generates an inward
dragging effect. After the particle flows into the solid, it will
gradually reduce to zero so that the motion of fluid particles
gets purely governed by the Darcy’s law.
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4.4

Particle Behavior on Solid-liquid Boundaries

In this subsection we discuss how the coupling mechanisms in
Fig. 2 act on a fluid particle near the solid boundary in our
simulation framework. In Fig. 3 we use a simple setting to
demonstrate how phases within liquid particles change near
the solid boundary when they are absorbed. In Fig. 3(a) a twophase liquid with one phase absorbable (yellow) and one phase
non-absorbable (green) reaches the surface of a porous solid.
In Fig. 3(b)(c)(d), the absorption flux (Eqn. (13)) will first act
to transfer virtual phases (from yellow to orange). Then the
inner virtual phase is subject to the Darcy flux, which is an
inward-direction effect trying to drag the particle inside. At
this time the particle will contain different velocities between
(virtual) phases, and they produce drift velocities. Roughly
speaking, the absorbed phase will have a drift velocity pointing
inward the solid, the non-absorbed phase will have a drift
velocity pointing outward. The mixture model (Eqns. (6-8))
ensures that both concentration change and particle motion
change can be adequately calculated. As a result, in Fig. 3(e)
the absorbed particles will be left with more absorbed phase as
it goes deeper, and the non-absorbed-phase volume fractions
are transferred to the outer-region particles (Eqns. (6-7)).

5

DISCRETIZATION

In the SPH formulation, calculation of physical variables
are performed through a weighted sum over neighbourhood
particles. Analogue to the staggered-grid scheme, we find it
convenient for some gradient and interpolation calculations
to be selectively assigned to solid and fluid particles, since
the solid particles can serve as reference background frame
for the fluid particles nearby. Table 1 lists the model variables
with the storage particle ∑︀
categories they belong to. In the
following sections, we
use
𝑠 for summing over nearby solid
∑︀
particle quantities, 𝑓 for summing over nearby liquid parti∑︀
cle quantities, and 𝑘 for summing over 𝑘 phases. Subscript
𝑓 and 𝑠 indicate fluid and solid, respectively.
The interpolated densities for the solid or fluid particles are
computed
∑︀ over the same kind of
∑︀particles, i.e. for a particle 𝑖,
𝜌𝑠,𝑖 = 𝑗 𝑚𝑠,𝑗 𝑊𝑖𝑗 and 𝜌𝑓,𝑖 = 𝑗 𝑚𝑓,𝑗 𝑊𝑖𝑗 .
The absorbed volume rate 𝜑𝑠𝑘 represents how much fluid
phase 𝑘 is absorbed locally at a solid particle position. It is
calculated by
1 ∑︁ 𝛽𝑘 𝑚𝑓 𝜌𝑘 𝑊𝑓 𝑠
𝜑𝑠𝑘 =
,
(15)
𝜌𝑘 𝑉𝑠0
𝜌𝑓 𝑚 𝑁𝑓
𝑓

where 𝑉𝑠0 denotes the rest volume
of solid particle, 𝜌𝑘 the rest
∑︀
density of phase 𝑘, 𝑁𝑓 = 𝑠 𝑊𝑓 𝑠 the sum of SPH kernels
between each fluid particle and its nearby solid neighbours. For
any fluid particle with non-zero 𝛽𝑓 𝑘 , we effectively assign its
absorbed mass to nearby solid particles using an SPH-kernel
weight, and Eq. (15) is the collected absorbed mass on a solid
particle from nearby fluid particle contributions. Detailed
derivations are given in Appendix A. The model variables
𝑝𝑝𝑜𝑟𝑒
, q𝑘 , u𝑟𝑘 , u𝛽𝑘 are also computed on solid particles. Then
𝑠
we are able to interpolate q𝑘 , u𝛽𝑘 onto fluid particles using

the SPH formulation whenever needed:
∑︁
u𝛽𝑘,𝑓 =
u𝛽𝑘,𝑠 𝑊𝑓 𝑠 /𝑁𝑓

∙
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(16)

𝑠

∑︁

q𝑘,𝑓 =

q𝑘,𝑠 𝑊𝑓 𝑠 /𝑁𝑓 .

(17)

𝑠

In the special case when 𝑁𝑓 = 0, we simply set the left hand
side to be zero.
Using the SPH formulation, on a fluid particle Eq. (14) can
be discretized as:
∑︁
∑︁ 𝑚𝑠
a𝑐𝑎𝑝
=𝜓
(𝛽𝑘
∇𝑊𝑓 𝑠 ).
(18)
𝑓
𝜌𝑠
𝑠
𝑘

There are several pore pressure gradients in Eqs.(1,11,13).
In Eq. (1), for each solid particle 𝑠, the gradient of pore
pressure is computed by:
∑︁ 𝑚𝑠𝑗 𝑝𝑜𝑟𝑒
∇𝑝𝑝𝑜𝑟𝑒
=
(𝑝𝑠
− 𝑝𝑝𝑜𝑟𝑒
(19)
𝑠𝑗 )∇𝑊𝑠𝑠𝑗 ,
𝑠
𝜌
𝑠𝑗
𝑠 ∈𝑁
𝑗

𝑠

where 𝑁𝑠 consists of the solid particles in 𝑠’s neighbourhood.
For fluid particles, in Eq. (11), the gradient of outer fluid
pore pressure is computed by
∑︁ 𝑚𝑠
∇𝑝𝑝𝑜𝑟𝑒
=
(𝑝0𝑘 − 𝑝𝑝𝑜𝑟𝑒
)∇𝑊𝑓 𝑠 ,
(20)
𝑠
𝑓𝑘
𝜌
𝑠
𝑠
where 𝑝0𝑘 is defined in S4.3. For Eq. (13), we similarly have
kwk ∑︁ 𝑚𝑠
(𝛼𝑓 𝑘 +𝜑𝑠𝑘 )(𝑝0𝑘 −𝑝𝑝𝑜𝑟𝑒
)∇𝑊𝑓 𝑠 . (21)
D𝑘,𝑓 = −𝐾
𝑠
𝜇𝑘 𝑠 𝜌 𝑠
Then we compute the absorption source term using
∑︁ 𝑚𝑠
∇ · D𝑘,𝑓 =
D𝑘,𝑓 · ∇𝑊𝑓 𝑠 .
𝜌𝑠
𝑠

6

(22)

IMPLEMENTATION

Algorithm 1 summarizes the overall simulation workflow. The
calculation pipeline computes solid and fluid quantities in an
interleaved manner, and the calculation steps are performed
on all fluid or solid particles without labelling particle regions.

ALGORITHM 1: Overall Simulation Workflow
repeat
Compute all particle densities (S5);
Compute 𝑁𝑓 for fluid particles (S5);
Compute outer-fluid viscosity and a𝑝𝑟𝑒𝑠𝑠 on fluid particles
(S6.1);
Pore pressure and Darcy flux computation on solid
particles (Algorithm 2);
Prepare equation terms on fluid particles (Algorithm 3);
Time Integration (Algorithm 4);
𝑡 ← 𝑡 + Δ𝑡;
until end of simulation;
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Table 1. Definition and Computation of Model Variables

Variable
𝑚𝑠 , 𝑚𝑓
𝛼𝑘 , 𝛽𝑘
u𝑚𝑘,𝛼 , u𝑚𝑘,𝛽
u𝑚 , u𝑠
u𝑟𝑘
u𝛽𝑘
ũ𝑚𝑘 , 𝛼
˜𝑘
𝜌𝑓 𝑚 , 𝜌 𝑘
𝜌𝑓 , 𝜌 𝑠 , 𝜌 𝑖
𝜌𝛼𝑚 , 𝜌𝛽𝑚
𝑐𝛼𝑘 , 𝑐𝛽𝑘
q𝑘
𝑝𝑝𝑜𝑟𝑒
𝑠
𝑝0𝑘
∇𝑝𝑝𝑜𝑟𝑒 , ∇𝑝𝑝𝑜𝑟𝑒
𝑘
a𝑝𝑟𝑒𝑠𝑠 , a𝑝𝑜𝑟𝑒 , a𝑐𝑎𝑝 , a𝑜𝑡ℎ𝑒𝑟
𝜖, P
D𝑘
𝜑𝑠𝑘
n
𝑊, 𝑁𝑓

6.1

Description
solid/fluid particle masses
virtual phase volume fraction
drift velocities of virtual phases
fluid and solid particle velocities
relative fluid-solid velocity of phase 𝑘
world-coordinate fluid phase velocity
non-virtual drift velocity and volume fraction
fluid aggregate density and phase density
interpolated density of fluid/solid/particle 𝑖
outer/inner fluid mixture rest densities
outer/inner mass fractions
Darcy flux of phase 𝑘
pore pressure in solid
fluid phase-wise pore pressure
gradient of pore pressure (for phase 𝑘)
accelerations due to related forces
solid strain and stress tensors
absorption flux
absorbed volume rate
normal vector near solid surface
SPH kernel, sum of SPH kernels

Outer Region Fluid Handling

Instead of using the state equation based approach as in [Ren
et al. 2014; Yan et al. 2016], we use an IISPH-like scheme
to compute the hydrodynamic pressure for the outer-region
fluid particles, which gives better incompressibility. We adopt
the same algorithm framework as [Band et al. 2018a] to
compute pressure and implement two-way coupling. A series
of modifications are made to support multiple-fluid porous
flow simulation.
First, based on [Yan et al. 2016], the fluid viscosity is
obtained as
∑︁ ∑︁ 𝛼𝑓 𝑘 𝛼𝑓 𝑘
𝑖
a𝑣𝑖𝑠𝑐
=
(u𝑚,𝑓 − u𝑚,𝑓𝑖 )·
𝑓𝑖
𝛼𝑓𝑖 𝑘 + 𝛼𝑓 𝑘
𝑓

𝑘

(r𝑓 − r𝑓𝑖 )∇𝑊𝑓𝑖 𝑓
𝑚𝑓
(𝜇𝑚𝑓𝑖 + 𝜇𝑚𝑓 )
,
𝜌𝑖 𝜌 𝑓
(r𝑓 − r𝑓𝑖 )2

(23)

and the viscosity of the elastic solid particle can be given as:
∑︁ ∑︁
(r𝑠 − r𝑠𝑖 )∇𝑊𝑠𝑖 𝑠
𝑚𝑠
(u𝑠 −u𝑚,𝑠𝑖 )
(𝜇𝑚𝑠𝑖 +𝜇𝑚𝑠 )
,
𝜌
𝜌
(r𝑠 − r𝑠𝑖 )2
𝑖 𝑠
𝑠
𝑘
(24)
where 𝜇𝑚𝑓𝑖 , 𝜇𝑚𝑠𝑖 , 𝜇𝑚𝑓 , 𝜇𝑚𝑠 are the aggregate viscosity coefficients of the particles. We set the intermediate acceleration of
liquid and solid particles as a*𝑖 = a𝑣𝑖𝑠𝑐
. Here and afterwards
𝑖
we use 𝑖, 𝑗 footnotes to indicate that the calculations apply
to all neighboring fluid and solid particles. Note that for the
outer region calculation, solid particles act as scene boundary
for liquid pressure calculation.
We also update the rest volume of the liquid particles to
the effective volume of outer liquid to exclude the absorbed
a𝑣𝑖𝑠𝑐
=
𝑠𝑖

Storage/Calculation Location
solid particle / fluid particle
fluid particle
fluid particle
fluid particle / solid particle
solid particle
solid particle / fluid particle
fluid particle
fluid particle
fluid particle
fluid particle
fluid particle
solid particle / fluid particle
solid particle
fluid particle
solid particle / fluid particle
fluid particle
solid particle
fluid particle
solid particle
fluid particle
fluid particle

fluid in the computation. At the beginning of each time
step, ∑︀
we calculate the sum of outer-fluid volume fraction
𝛼𝑓 = 𝑘 𝛼𝑘 for each fluid particle, after which its rest volume
is approximated by 𝑉𝑓 0 = 𝛼𝑓 ℎ3 . Since this volume of fluid
particles near the solid varies greatly, we use the harmonic
mean for better stability, so that the divergence of velocity
becomes
∑︁ 𝑉𝑓 𝑉𝑗
∇ · u*𝑓 = −
(u*𝑓 − u*𝑗 )∇𝑊𝑓 𝑗
(25)
𝑉
𝑓 + 𝑉𝑗
𝑗
∇ · u*𝑠 = −

∑︁ 𝑉𝑓 𝑉𝑠
(u*𝑠 − u*𝑓 )∇𝑊𝑠𝑓 ,
𝑉𝑓 + 𝑉𝑠

(26)

𝑓

where u* is the intermediate velocity in [Band et al. 2018a].
Using the intermediate velocity, [Band et al. 2018a] derived a
set of linear equations (𝐴𝑝)𝑓 = 𝑆𝑓 for the particles and solve
for the particle pressures 𝑝, where 𝐴 is a matrix and 𝑆𝑓 is a
derived term. The same harmonic interpolation also applies
to those terms in [Band et al. 2018a], e.g. for a particle 𝑖:
𝑉𝑖 ∑︁ 𝑉𝑖 𝑉𝑗
a𝑝𝑟𝑒𝑠𝑠
=−
(𝑝𝑖 + 𝑝𝑗 )∇𝑊𝑖𝑗
(27)
𝑖
𝑚𝑖 𝑗 𝑉𝑖 + 𝑉𝑗
(𝐴𝑝)𝑖 = ∆𝑡2

∑︁ 𝑉𝑖 𝑉𝑗
(a𝑝𝑟𝑒𝑠𝑠 − a𝑝𝑟𝑒𝑠𝑠
) · ∇𝑊𝑖𝑗 .
𝑗
𝑉𝑖 + 𝑉𝑗 𝑖
𝑗

(28)

We further modify the term 𝑆𝑓 in [Band et al. 2018a] to
reflect the rest volume modification:
𝑉𝑓 0
𝑆𝑓 = 𝛼𝑓 (1 + ∆𝑡∇ · u*𝑓 ) −
.
(29)
𝑉𝑓
Using the above modifications, we can solve for a pressure
value for each fluid particle and solid particle (viewed as
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boundary particles for outer fluid) using [Band et al. 2018a],
then we can compute a𝑝𝑟𝑒𝑠𝑠 for Eq. (8) and compute the
boundary forces solid particles received from outer fluid for
solid motion integration. Since 𝑉𝑓 0 = 𝛼𝑓 ℎ3 and 𝑉𝑖 , 𝑉𝑗 are
its interpolation values, Eq. (27) ensures a𝑝𝑟𝑒𝑠𝑠 vanishes for
inner fluid particles even without explicit label of regions.
This scheme can achieve better visual incompressibility than
the original multiple fluid pressure calculation, and provide
a practical solid-liquid mechanical motion solution when the
liquid hits the solid.

6.2

ALGORITHM 2: Pore Pressure and Darcy Flux
Compute solid strain on solid particles (Eq. (4));
Compute pore pressure 𝑝𝑝𝑜𝑟𝑒
on solid particles (Eqs.(9,15));
𝑠
Compute Darcy flux q𝑘 on solid particles (Eqs.(1,19));
Compute u𝛽𝑘 on solid particles (S4.1);
Obtain solid stress (Eq. (5)) and boundary forces solid particle
received from outer fluid (S6.1);

Fluid Term Preparation

Using the physical quantities computed on solid particles, we
are able to calculate the rest terms required for fluid governing
equations Eqs. (6,7,8). The workflow is given in Algorithm 3.
ALGORITHM 3: Fluid Term Preparation
Compute
Compute
Compute
Compute

6.4
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in [Ren et al. 2014]. It is noted that although we adopt [Peer
et al. 2018] for the solid model by default, our algorithm
framework has the flexibility to allow for other kinds of solid
physical models. An example is given in S7 Fig. 11, where
we use the solid model in [Yang et al. ∑︀
2017] and simulates a
two-phase sand-water flow. We ensure 𝑘 (𝛼𝑘 + 𝛽𝑘 ) = 1 in a
similar way with [Ren et al. 2014], i.e. first setting negative
values of 𝛼𝑘 , 𝛽𝑘 to zero, and then re-scale them so that their
sum equals 1.
ALGORITHM 4: Time Integration

Pore Pressure and Darcy Flux

On the solid particles, we compute the physical terms related
to the Darcy’s law for later computation of multiple fluid
porous flow. Terms necessary for the solid motion integration
are also prepared. The workflow is given in Algorithm 2.

6.3
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a𝑝𝑜𝑟𝑒 on fluid particles (Eqs.(10,16));
drift velocities (Eqs.(11,12,17,20));
absorption source term ∇ · D𝑘 (Eqs.(13,21,22));
a𝑐𝑎𝑝 (Eqs.(14,18));

Time Integration

Finally, we perform time integration for the solid and fluid
motions. The workflow is given in Algorithm 4. The integration of solid equations can be solved explicitly or implicitly
subject to the solid model choice. The integration of governing
equations for fluid particles is in a semi-implicit manner. That
is, we solve for a𝑝𝑟𝑒𝑠𝑠 as in S6.1, then explicitly calculate other
terms in Eqs.(6,7,8), with standard SPH particle advancing
scheme using u𝑚 computed from the momentum equation.
Thanks to the mixture model, the virtual volume fraction
changes within each particle are automatically handled by
integration of the continuity equations, where the volume
fraction changes rely on local divergences, and no explicit
mass or volume fraction advection is needed. However, the
explicit integration is still subject to CFL conditions that
limits the time step size, a detailed discussion can be found

Integrate solid particle motion using [Peer et al. 2018];
Integrate Eqs.(6,7,8);
for each fluid
∑︀ particle do
Ensure 𝑘 (𝛼𝑘 + 𝛽𝑘 ) = 1 (S6.4);
if (𝑁𝑓 == 0) then
𝛼𝑘 + = 𝛽𝑘 ;
𝛽𝑘 = 0;
end
end

6.5

Parameter Discussion

The typical model settings for our simulation examples are listed Table 2. Most parameters (e.g. 𝜌𝑘 , 𝜇𝑘 , 𝜈, 𝜆, 𝜂, 𝐵, 𝜏, 𝜎, 𝜎 ′ , 𝜓, 𝑒)
are set according to the physical properties of the fluids and
porous solid present in the simulation. Besides these, the parameters 𝜙, 𝜏 ′ play a similar role to 𝜏 from [Ren et al. 2014],
and in our simulation we choose their values to set the related
term at approximately the same order with other terms. The
parameter 𝜇𝑘 is set to be the same among phases. Certain
coefficients can be set to zero or near-zero to turn-off the
related effects such as expansion of solid due to absorption
(𝜂), capillary force (𝜓) and overall absorption (𝐾).
A few parameters directly link to the porous behaviour
and deserve further discussions, which include 𝑝0 , 𝑝0𝑘 , k𝑤𝑘 , 𝐾.
The permeability k𝑤𝑘 controls how fast the absorbed fluid
moves within the porous solid, and we assume the solid is
homogeneous and set it as a scalar value. From Eq. (13), the
absorption rate is proportional to k𝑤𝑘 𝐾, which controls how
fast fluid enters the porous solid. The parameters 𝑝0 , 𝑝0𝑘 controls the stability state of how much fluid can enter the porous
solid in total, and they also influence the gradient of pressure,
thereby affecting fluid absorption and transport speed in solid.
Higher 𝑝0𝑘 − 𝑝0 will usually increase the absorption speed,
fluid transport speed in solid and final absorbed fluid amount.
We demonstrate the effects of these parameters in Fig. 4.
In the first row, the first column shows a reference simulation
results. In the second column, we use a larger absorption
coefficient 𝐾, and relatively more liquid is absorbed during
the same time. In the third column, we raise 𝑘𝑤𝑘 but keeps
𝑘𝑤𝑘 𝐾 the same, the fluid transport speed within the solid
is largely increased while the colour is slightly lighter due
to less dense fluid concentration. The fourth column shows
a result with higher 𝑝0𝑘 , where fluid is easier to enter solid
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Table 3. Performance Data

Table 2. Model Parameters

𝜌𝑘
𝜇𝑘
𝜈
𝜆
𝜂
𝜓
𝑒
𝑘𝑤𝑘
𝐾
𝐵
𝜏
𝜏′
𝜎
𝜎′
𝜙
𝑝0
𝑝0𝑘

Typical Value
600 𝑘𝑔/𝑚3
0.35-1 𝑃 𝑎 · 𝑠
1𝑒4 -2𝑒4 𝑃 𝑎
0.5𝑒4 -1.2𝑒4 𝑃 𝑎
7.5𝑒−4
1-4 𝑚2 /𝑠2
0.6
1𝑒−8 -5𝑒−7 𝑚2 𝑠/𝑃 𝑎
0.75-2
4.90𝑒4 𝑃 𝑎
3𝑒−6 𝑚/(𝑃 𝑎 · 𝑠)
1𝑒−4 𝑚/(𝑃 𝑎 · 𝑠)
1𝑒−3 𝑚2 /𝑠
2𝑒−3 𝑚2 /𝑠
−6
3𝑒 𝑚/(𝑃 𝑎 · 𝑠)
5𝑒4 𝑃 𝑎
2.5𝑒4 𝑃 𝑎

Description
density
viscosity coefficient
Lamé parameter
Lamé parameter
solid constant
capillary strength
porosity
permeability
absorption ratio
Biot’s ratio constant
outer/inner drift velocity weight
inner drift velocity weight
outer drift velocity weight
inner drift velocity weight
outer drift velocity weight
solid rest pore pressure
outer liquid pore pressure

Fig. 4. Effects of parameters linking to porous behaviors. From left to
right: standard, higher absorption rate, higher permeability, higher 𝑝0𝑘 .
Higher absorption rate makes the fluid enter the solid faster. Higher
permeability leads to higher fluid transport speed within solid, and
results in a lighter colour at beginning. Higher 𝑝0𝑘 increases both fluid
absorption and transport speeds, and results in a deeper colour in the
end.

due to higher outer pore pressure setting. The second row
shows the later result in the same simulations. On top of the
solid, there are non-absorbed fluid left out. The first and third
column have the largest non-absorbed amount followed by
the second column, whose absorption rate is higher but does
not influence the final absorption amount. The solid colours
in the first three columns of the second row are also almost
the same. On the contrary, the fourth column shows obviously
less amount of non-absorbed fluid and denser concentration
of inner fluid.

Example
Example
Example
Example
Example
Example
Example

7

1
2
3
4
5
6
7

Liquid
Phases
1
2
1
2
3
3
1

Liquid
Particles
402,000
980,000
1,683,000
1,091,000
693,000
1,055,000
178,000

Solid
Particles
247,000
120,000
41,000
524,000
448,000
2,098,000
133,000

runtime
(second/step)
0.36
0.47
0.40
0.42
0.38
0.84
0.09

RESULTS

We implemented the proposed approach on an Nvidia GeForce
GTX 1080Ti GPU. The performances of the simulations in
this section are recorded in Table 3. In the experiments, the
particle mass and the width of the scene are typically set to
0.2𝑔 and between 0.1𝑚 − 1𝑚. We generally choose a fixed
time step that is below the CFL time steps and ensures the
solid solver and outer-fluid solver are both stable. Each frame
in the supplemental video (30 frames per second) contains 10
steps.

Fig. 5. Single fluid porous flow. The regions where liquid is absorbed
are rendered in orange colour.

Example 1 (Fig. 5) shows a porous block absorbing a single
fluid. When the flow wave reaches the solid surface, it causes
distortion of the solid body and the flow is bounced back.
At the same time some liquid gets absorbed into the porous
material, leaving visual traces when the bulk liquid drops
back. In the bottom-left we can observe lower wet orange
regions of the solid expand in volume showing poroelasticity
effect. Since no particle deletion or insertion is needed, our
approach automatically guarantees the mass conservation
throughout the simulation.
Example 2 (Fig. 6) shows a porous solid in a two-phase
flow. The two fluid phases are mixed as 1 : 1 volume fraction,
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Fig. 7. Solid property changes with liquid absorption. After absorbing
liquid, the yellow end becomes heavier and drags the dumbbell to sink.

Fig. 6. A two-phase mixture (red and green) interacts with a porous
rabbit. Initially, the mixture turns into green around the porous rabbit
(first row), because only the red phase can be absorbed into the porous
solid. Then, the rabbit is lifted out of the liquid mixture (second row)
and squeezed (third row), causing some red phase to come out and
remix into the liquid.

but only the red liquid can be absorbed by the porous solid.
Using the proposed virtual phase concept, complex coupling
of different governing equations in inner and outer regions is resolved. Consistent mass and momentum transport is
achieved without particle splitting, with only red phase entering the solid and the green phase being left outside. During
the simulation the rabbit is squeezed, pushing some red liquid
out from the solid. The capillary effect at porous surface
prevents the red liquid from free escape.
Example 3 (Fig. 7) demonstrates that the solid-particle
properties can be influenced by absorbing the liquid. Initially,
the porous dumbbell has uniform density and is lighter than
the liquid. Then, the yellow side becomes heavier after absorbing liquid. As absorbed fluid amount increases, it gradually
changes colour to blue and drags the whole dumbbell into the
tank. To achieve this effect, we only need to adjust the mass
for solid particles so that they increase with the 𝜑𝑠𝑘 value,
i.e. adding the absorbed liquid mass onto the solid mass.
In Example 4 (Fig. 8), two fluid phases pass through a
perforated material separately. The two fluid phases are absorbed differently by the solid, and as a result the red phase

Fig. 8. Two fluids pass through a perforated material. The lessabsorbed green phase passes the solid region faster, leaving the red
phase behind.

is largely trapped in the solid while the less-absorbed green
phase falls almost freely through the perforated material.
In Example 5 (Fig. 1) a three-phase mixture is poured onto
a stack of three porous solids, where each porous solid can

ACM Trans. Graph., Vol. 40, No. 4, Article 118. Publication date: August 2021.

118:12

∙

Bo Ren, Ben Xu, and Chenfeng Li

only absorb one specific liquid phase. There are smaller vertical holes in the filter layers (Fig. 9) to let the non-absorbed
phases pass through, which are not shown in the final rendering. The radius of a hole equals to ℎ, the smooth radius.
There are about 500 holes in the cross section of the layers.
The liquid mixture first
builds up on the top
of solid stack due to
the resistance from the
porous solids. Then, as
each liquid phase passes
through and gets absorbed
by the porous solid, both
the liquid mixture and
the porous solids change
colour. Finally, the liquid
Fig. 9. Cutout view of solid layer
at the bottom of containsetting in Fig.1.
er shows a blueish colour,
which corresponds to the less absorbed phases.
In Example 6 (Fig. 10) several contacting solid regions have
different absorption abilities for the fluid phases. The left of
the solid only absorbs green fluid; in the middle, an S-shaped
region only absorbs blue fluid and the rest only absorbs red
fluid. The right of the solid absorbs both blue and green fluids
but with different permeability, and the blue fluid moves faster
within the solid leaving the green fluid behind. In this example,
we only adjust the physical porous parameters within each
solid region without explicitly labelling the regions in the
simulation. The simulation result shows correct behaviour
when different solid regions are in contact and the behaviour
of fluid unmixing in solid is also achieved.
In Example 7 (Fig. 11) we demonstrate our approach can
also cover sand-like porous materials. The time step size is 5
times smaller for this case for stability of the solid solver, with
25 steps in one frame in the supplemental video. The solid
model of [Yang et al. 2017] is adopted in this example. The
top and middle rows show our result with larger and smaller
wet sand cohesion. In the bottom row, we show a result of
[Yang et al. 2017] under the smaller wet sand cohesion. The
comparable result shows that our approach is able to cover
sand-like porous materials as well.

8

CONCLUSION

We present an SPH-based simulation scheme for multiplefluid liquid flow interacting with sponge-like porous materials.
By introducing virtual phases, the SPH fluid particles are
universally handled without deleting or splitting particles
at the solid surface. Our approach is flexible on solid model
choices and ensures physically consistent mass and momentum
transport using the mixture model.
Our current framework does not consider degenerate cases,
such as very thin layers of fluid, where there are serious
neighborhood particle deficiency and the SPH formulation
will give erroneous calculations. Stray particles containing
both absorbed and non-absorbed phases might get stuck on

Fig. 10. Porous behaviour in multiple contacting solid regions. The
solid comprises three parts: the left part only absorbs green fluid, the
S-shaped region only absorbs blue fluid with the remaining middle
part absorbing only red fluid, the right part absorbs both blue and
green fluids with different permeability such that the blue fluid moves
faster leaving the green fluid behind.

surface but will behave normal again when they meet bulk
fluid. The simplification made in the proposed approach also
causes some limitations. Darcy’s law does not model free flow
inside the porous material, and is less suitable for materials
with larger voids or fractures. In addition, assigning a constant
outer-region pore pressure for each phase during solid-surface
absorption is a simple and effective treatment, but may not
be enough for certain cases where complex relative absorption
tendency variations between multiple solid and fluid phases
exist. A possible solution involves decoupling the phase-wise
pore pressures in the solid, which we would like to investigate
in the future. The volume fraction correction in Algorithm 4
is explicit and does not take consideration of its influence
to the momentum calculation, which may produce errors in
mass calculation under very large time steps. We would like
to investigate efficient combined integration methods of the
continuity and momentum equations that strictly ensures
phase-mass conservation in the future.
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A

ABSORBED VOLUME RATE

To compute the absorbed volume rate, we set 𝑚𝑠𝑘 as the
phase 𝑘’s absorbed mass on solid particle 𝑠 and 𝑚𝑓 𝑘 as the
phase 𝑘’s absorbed mass on fluid particle. First, the following
relations hold for 𝑚𝑓 𝑘 :
𝛽𝑓 𝑘 𝜌𝑓 𝑘
𝑚𝑓 .
(30)
𝑚𝑓 𝑘 =
𝜌𝑓 𝑚
Distributing this mass to nearby solid particles using SPH
kernel as weight gives:
∑︁ 𝑚𝑓 𝑘 𝑊𝑓 𝑠
𝑚𝑠𝑘 =
.
(31)
𝑁𝑓
𝑓

The above two equations can be merged and simplified to
∑︁ 𝛽𝑓 𝑘 𝜌𝑓 𝑘 𝑚𝑓 𝑊𝑓 𝑠
𝑚𝑠𝑘 =
.
(32)
𝜌𝑓 𝑚 𝑁𝑓
𝑓

Then we can obtain
𝑚𝑠𝑘
,
(33)
𝜌𝑘 𝑉𝑠0
where 𝑉𝑠0 is the rest volume of the solid particle given in the
initialization.
𝛽𝑠𝑘 =

B

PORE ACCELERATION

For each fluid particle, each phase has individual phase velocity and fluid particle moves according to the mixture
velocity
∑︀ u𝑚 . The mixture velocity is computed by u𝑚 =
1
+ 𝛽 u ), and the mixture density is com𝑘 𝜌𝑘 (𝛼𝑘 u𝛼𝑘
𝜌𝑚
∑︀ 𝑘 𝛽𝑘
puted by 𝜌𝑚 = 𝑘 (𝛼𝑘 + 𝛽𝑘 )𝜌𝑘 .
We first equate the impulse of desired inner forces to the
momentum change of inner mixture:
∑︁
∑︁
∑︁
𝜌𝑘 𝛽𝑘 𝑉 a*𝑘 ∆𝑡 =
𝜌𝑘 𝛽𝑘 𝑉 u𝛽𝑘 − 𝜌𝛽𝑚
𝛽𝑘 𝑉 u𝑚 , (34)
𝑘

where 𝜌𝛽𝑚 =
by:

𝑘

∑︀

∑︀𝛽𝑘 𝜌𝑘
𝑘
𝑘′ 𝛽𝑘′

a*𝑘 =

𝑘

. A solution to this equation is given
𝜌𝑘 u𝛽𝑘 − 𝜌𝛽𝑚 u𝑚
.
𝜌𝑘 ∆𝑡

(35)

Then, assuming
𝜌𝑓 𝑚 𝑉 a𝑝𝑜𝑟𝑒 =

∑︁

𝜌𝑘 𝛽𝑘 𝑉 a*𝑘 ,

𝑘

we can obtain the a𝑝𝑜𝑟𝑒 term in Eq. (10).
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(36)

