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The main challenge of extending the EMD into higher
dimensional signals arises in the construction of the
upper and lower envelopes.Though the EMD algorithm does not require the envelopes to be strictly
precise and does not specify how to generate data
envelopes, it is still not easy to find a practical way
concerning speed requirements in computer graphics. Most of the methods to calculate envelopes in
1D or 2D, such as radial function method in [1]
and [2], interpolation based on Delaunay triangulation as in [3], combination of separate 1D EMD for
each dimension as in [4], suffer problems of either
high-cost, low-automation or losing high-dimensional
connection. From these concerns we propose to use
the space-filling curve technique. Basically the spacefilling curve technique is a method to flatten 3D data
into 1D. An n-dimensional space-filling curve is a
curve that can fill the whole n-dimensional domain,
such that moving along the curve gives a mapping
from the high-dimensional space to 1D. The space
filling curve technique was first introduced into 3D
fluid simulation in [5]. In the case of 3D grid, this
means an continuous indexing of the grid cells. The
EMD operations can be performed on the flattened
1D data, giving envelopes of the 1D indexing array.
It is easy to verify that the obtained envelopes are
still envelopes of the original 3D grid data if mapped
back. Such envelopes are not the optimal choice in
terms of accuracy, but the effectiveness of EMD is
not affected as long as the envelope is valid, for the
reduced accuracy mainly affects the time to converge.
Some examples of the EMD results using the spacefilling curve technique are listed below. For comparison, we implemented the RBF-EMD method used
by [1], which uses radial basis functions (RBF) for
upper and lower envelope calculation in 2D space and
was reviewed by [6] as the benchmark reference for
2D EMD decomposition. The reference results here
serve to give an intuitive observation of the multilevel structures of the flow fields.
Fig. 1 is a 2D decomposition example. A doubleswirl flow field is decomposed into two levels of flowfield structures with relatively high and low frequency
ranges. Fig. 1(a) shows the original flow field, the
results using the space-filling curve technique (based

on quadric Koch curve) are shown Figs. 1(b) and 1(c)
for higher- and lower- frequencies respectively, and
the corresponding results using the RBF-EMD method
are shown in Figs. 1(d) and 1(e). The decomposition
results of the Koch curve largely catch the structures
of the flow field, but there are some frequency overlaps, leading to a “half swirl” like feature in the left
part of Fig. 1(b). It is interesting to note that for
both higher- and lower- frequencies the RBF-EMD
method gives relatively large velocity values in the
top-left corner. This may be due to superposition of
the smooth radial basis functions (the top-left corner
is far from any RBF kernel center). The method using
quadric Koch curve does not introduce these artificial
velocities.
Fig. 2 is a 3D decomposition example. Unfortunately the RBF-EMD method cannot directly apply
to 3D cases, so we examine the performance of the
space-filling curve technique through a case that is
theoretically trivial and intuitive. Specifically, an artificial cylindrical swirl of 128 × 128 × 128 size is
decomposed. Along the vertical direction (i.e. the zaxis), the velocity component is always zero; within
the horizontal plane (i.e. the xy-plane), the velocity
magnitudes of the swirl is proportional to the distance
from the central z-axis. The 63rd slice (xy-plane) of the
original flow field is shown in Fig. 2(a). This trivial
flow field has only one scale of fluid motion, i.e. the
swirl rotating at a constant speed. Therefore, an ideal
multidimensional-EMD method should stop the iteration immediately and leave all velocity magnitudes
into the residual. We apply the 3D EMD method with
the 3D Hilbert curve proposed in the main text and
extract 9 + 1 components as the result. It is found that
the first 9 components all have near-zero values and
for demonstration, the 63rd slices for the 9th and the
8th components are shown in Figs. 2(c) and 2(d). The
residual is shown in Fig. 2(b), which as anticipated
fully recovers the single scale swirl. In this example,
the error caused by sampling along the space-filling
curve is generally more than an order of magnitude
smaller than the total velocity.
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Fig. 2. 3D decomposition example (top view of a cylindrical swirl). (a) the original; (b) the residual; (c) the 9th
component; (d) the 8th component.

